Let K be an algebraic number field with ring of integers O K and f(X) 6 O K [X]. In this paper we establish improved explicit upper bounds for the size of solutions in O K , of diophantine equations Y 2 =f(X), where f(X) has at least three roots of odd order, and Y" =f(X), where m is an integer > 3 and/(X) has at least two roots of order prime to m.
Introduction
Let K be an algebraic number field with ring of integers O K ,f{X) a polynomial in O K [X] and m an integer > 2. Consider the diophantine equation
and assume that if m > 3, f(X) has at least two roots of order prime to m and if m = 2, f(X) has at least three roots of odd order. When K = Q, Baker [1] obtained the first explicit upper bound for the size of integral solutions to the equation (*). This result has been extended to an arbitrary algebraic number field and has been improved by several authors. The best known results have been obtained by Voutier [10] . Moreover, a generalization of the equation (*) has been studied in [5] . Throughout this paper we denote by d, D K and N K the degree of K, the discriminant of K and the norm from K to Q. Further, we denote by K an algebraic closure of K. By an absolute value we will always understand an absolute value that it extends either the standard absolute value of Q or a p-adic absolute value | \ p of Q. Let M(K) be a set of symbols v such that with every v e M{K) an absolute value | !" is associated. We denote by d v the local degree of | !". We define the field height of a point x = (x 0 ,.... x n ) in the projective M-space V(K) by H K (x)= f ] and the absolute height by H(x) = H K (x) yd .
For x e K we define H K (x) = H K ((\: x))
and H(x) = H((l :x)). Let G be a polynomial in one or several variables and with coefficients in K. We define the field height H K {G) and the absolute height H(G) of G, respectively, to be the field height and the absolute height of a point in a projective space having as coordinates the coefficients of G (in any order). For an account of the properties of heights see [9, Chapter VIII] and [3, Chapter 3] . Finally, for z e R, z > 0, we let log'z = max{l, logz}.
In [6] 
where
In this paper we generalize the above result and we obtain explicit upper bounds of the above type for the height of integral solutions to the equation (*) over K, improving on the estimates obtained by Voutier.
Let (x, y) 6 0^ be a solution of y m =/(x). Since we have
it is sufficient to calculate an upper bound for H K (x) . We obtain the following explicit estimates: 
s). Put g(X) = (X -a , ) . . . (X -a r ) and denote by A(g) the discriminant of g(X). Let x,y e O K with y m -f{x). Then the algebraic number field
L = K(w), where w m = (x -a , ) . . . (x -a s ), has discriminant D L satisfying \D L \ < p (2
Auxiliary lemmas
For the proof of Proposition 1 and Theorems 1, 2 and 3 we shall need the following lemmas: Since £ is a prime number, it follows that the ramification index of P t is I. 
Lemma 3. Let K be an algebraic number field with ring of integers O K . Let g(X) = (X -a,).. .{X -a r ) be a polynomial in

., <x\~l, which is equal to the discriminant A(G) of G(X). The element a, is a root of g(X). Thus G(X) divides g(X) and we deduce that A(G) divides A(g). It follows that D K]/K divides A(g). Then
\D Kl \<\D K nN K (A(g))\.
Assume that Lemma holds for i -1 > 1. Thus
By the reasoning above, we get
I Ac, I < \D Kl Ji+l) \N K (A(g))\«'-»-<'-i+2 K
Applying the inductive hypothesis, we obtain
Lemma 4. Let f and g be two polynomials in one variable with coefficients in K and
deg/ + degg < M. Then (l/4 M )H(fg) < H<J)H{g) < 4 M H(fg).
Proof. See [3, Proposition 2.4, page 57]. 
Lemma 5. Let G(X) = (X -a,)... (X -a r ) be a polynomial in K[X] and a e K. Then, the height of the polynomial E£X) -{X -aa,)... (X -aa. s ), s < r, satisfies
H(E,) < 2 J "'(s + l)4 r+1 //(
Proof. Set G,(X) = (X-a i )...(X-a s ).
H(E.) < Y-*H{ayH{*i)... H(a.) < 2-'(s + l)H(a)'H(G,).
On the other hand, Lemma 4 gives
Hence
Proof of Proposition 1
Denote Proof of Theorem 1. Let x, y be integers in K satisfying y 2 =/(x). Set g(X) -(X -a,)(AT -<x 2 )(X -a 3 ) and denote by A(g) the discriminant of g(X). Let w be an algebraic integer such that w 2 = g(x) and let L = K(w). Theorem A gives
where 
Put G(X) = a o (X-oi l )...(X-<x r ), G 1 (X) = (X-a o a l )...(X-a o <x r )
and denote by A(G), A(G() respectively their discriminants. By Lemma 5, the height of the polynomial
H(h) < 4 r+i H(a 0 ?H(G).
Further, the discriminant A(/i) of h satisfies 
) and denote by D M the discriminant of M. Since the discriminant of the polynomial X" -a^1 is (-lf' 1 ) Vflo" l ) ( r "> Lemma 3 gives
It follows that
\D^-1) >\
By Lemma 5, the height of the polynomial h(X) = (X -a o a,)(A r -a 0 a 2 ) satisfies
Furthermore, the discriminant A(/i) of h satisfies Using Theorem 2 and the above estimates, we get
where Proof of Theorem 3. Let x, y e O K be a solution of / -f{x). Consider the polynomial g(X) = (X -a,)(X -a 2 ) and denote by A(g) its discriminant. Let w be an algebraic integer such that w 4 = g(x). Then w 4 -a,a 2 = x 2 -(a, + a 2 )x.
Multiplying by 2 4 and adding the term (2(a, + a 2 )) 2 in the two members, we obtain 
